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VARIATION OF MIXED HODGE STRUCTURES ASSOCIATED 
TO AN EQUISINGULAR ONE-DIMENSIONAL FAMILY OF 

CALABI-YAU 3-FOLDS 

ISIDRO NIETO-BANOS AND PEDRO LUIS DEL ANGEL-RODRIGUEZ 


Abstract. We study the variations of Mixed Hodge Structures associated to 
a particular one-dimensional equisingular family of Calabi-Yau threefolds arising 
from a one-dimensional family of quintic hypersurfaces in P 4 with exactly 100 
ordinary double points as singularities. 


Introduction 

In the 1930’s, W.V.D. Hodge proved his celebrated theorem stating that for every 
compact Kahler manifold X , its complex de Rham cohomology II k (X, C) splits as a 
direct sum of spaces H p - q (= H q (X, fix)); where p+q = k, called nowadays the Hodge 
decompositon of H k (X, C) (see [9]). Remember that H k (X,C ) = H k (X,Z) <g) C. 
The pair (H k (X, Z), {H p,q }) is called a (pure) Hodge structure of weight k. All 
varieties will be consider algebraic and defined over the complex numbers C. 

Another way of looking at a Hodge structure is to consider the associated Hodge 
filtration 

F j H k (X, C) := ® p>j H p ’ q 
and the pair (H k (X, Z), {F q H k (A, C)}). 

If X is projective, smooth of dimension n, then the only interesting cohomology 
group is H n (X, C) and because of Lefschetz’ theorem, we only need to consider the 
so called primitive cohomology PH n (X, C) = {77 G H n (X, C) | r/ ■ H = 0}, where H 
is the class of a hyperplane section on the corresponding projective space. 

In the particular case of a smooth projective hypersurface, Griffiths studied the 
(pure) Hodge structure of X and gave a description of it in terms of its Jacobian 
ring (see 0 ). More precisely, let X = V(f) C P n+1 with / an homogeneous poly¬ 
nomial of degree d. Then the the space 

G A n k +l mod dA\_ x | deg(P) = kd - (n + 2) j , 

of closed (71+I) — forms with a pole of order k along X, modulo the forms dip where 
i] is a rational n — form with a pole of order k — 1 along X, can be identified via the 
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residue map with the space F n k PH n (X, C). Here PH denotes the primitive coho- 

n+1 

mology and Q = ^^(—l) l Xidxo A ... A dxi A ... A dx n+ \ which is the fundamental 

i =0 

homogeneous differential form obtained by contracting the volume form on C n+2 
with the Euler vector field I 7- 


The natural inclusion F n k PH 
natural inclusion 14 - 


(A,C) C F n ~ k+1 PH r 

i/ • k pn fpn 

14+i g lv en by 


(A", C) corresponds to the 


f k ' ' f k+1 ' 

Moreover, if J(/) is the Jacobian ideal of /, generated by the partial derivatives of 
/ and Rj := C[A 0 ,..., X n ]/J(f) is the Jacobian ring of /, then the above identifi¬ 
cation induces isomorphisms between (Rf)^+i)d-n -1 the graded submodule of Rf of 
degree {k + l)d — n — 2 and PH n ~ k,k (X, C). In particular, the dimension of H n {X, C) 
is independent of X itself and only depends on n and on the degree of /. 


If we now consider a smooth family n : X —>■ B C P 1 , over an open set B, 
then on every fiber X t one has a Hodge structure F p H k (X t , C) and these extend to 

a global Hodge filtration T v H k , where H k d = R k ir*C < 8 ) Ob- It is well known that 
the monodromy of the family gives rise to a connection, called the Gauss-Manin 
connection 

V : H k —► H k ® n B 


which is compatible with the Hodge filtration. More explicity, the Gauss-Manin 
connection satisfies the Griffiths transversality condition 

V : F v U k —> F p ~ l H k ® n B . 


Recall that the associated Higgs Bundle is given by £ 


gn—q,q <4/ -pq j jzq+l 


®q =0 £ n ~ q ’ q , where 


induces by means of the Gauss-Manin connection mappings: 

V : £ n ~i’i (g, O 1 ^. 


and fibrewise homomorphisms 


gn—q,q _^ gn—q+l,q—l 


For singular varieties, Deligne developed at the early 1970’s the theory of mixed 
Hodge structures (see 0). which involves in general the existence of a good desin- 
gularization due to Hironaka. 

Griffiths and others have tried to give an alternative description for the mixed 
Hodge structure of a singular variety in some cases. The most important case for 
us is that of a singular projective hypersurface on the projective space with isolated 
singularities, the simplest of which is only nodes as singularities. Griffiths [7j and 
later on Steenbrik ra gave a description of the relevant cohomology group of its 
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proper transform under normalization in terms of the Jacobian ring of the polyno¬ 
mial defining it. More precisely, let A" = V(f) C P” +1 be a hypersurface, with / an 

homogeneous polynomial of degree d\ £ = Sing(X) its singular locus and assume 
£ consist only of m nodes and let A" be its proper transform under normalization. 
Then, if Y C P n+1 is a smooth hypersurface of the same degree as X one has 

rank H, n {X) = rank H n (Y ) — m and 
rank H n (X ) = rank H n (Y ) — 2m. 

Since in this case X is smooth, Poincare duality implies that 
(2) dim H n (X, C) = dim H n (Y,C ) - 2m. 


Remark 1 . The vector space 

~Pfl 


(3) 




/ 


G A” +1 | deg(P)=d-(n + 2)1, 


can be identified with F n PH n (X, C) via the residue map, whereas the space 

'pn~ 


R 2 |s = 


p 


G Ap 1 mod dAf | deg(P) = 2 d- (n + 2) and P(Q) = 0 VQ G £ L 


given by the first adjunction condition on A% +1 can be identified with F n 1 PH n (X, C) 
and the inclusion F n PH n (X , C) C F n ~ 1 PH n (X, C) corresponds to the natural map 


, PQ 

given by —jr~ i —> 


fPto 

P 


V, 


Vc 


2 S 


Remark jT] is not particular to poles of order one and two as well as the first adjoint 
condition. We want to generalize to understand this remark as follows: Once again 
we also follow standard notation (see also 0 part II) , let Op(A t ) be the sheaf on P 4 
of four-forms with a pole of order k along the hypersurface X t or shortly Op(fc) and 
for a polynomial F we denote by p p (F ) the multiplicity of F in P ( see |8]). Let also 
f2p (nX t , mll t ) be the subsheaf of flp(n) of four-rational forms with a pole of order n 
on X t and have multiplicity greater than m. It follows that R°(P 4 , f)p(fc)) = ApX t ). 

In what follows we will assume that for the singular locus of X t all singularities 
are of the same type. 


Definition 2. Given f G C[i/o, • • • ,y n ] the m-adjoint condition on f relative to a 
subset T C X t C P” is given by m = p, p (f) for all p G T. Note that if rn — 1 we 
have only one condition, namely f\r — 0 which is equivalent to T C V(f). 


Example 3. The simplest example is obviously that given by the singlet P defined 
by a point, in that case the first adjoint condition relative to P is simply that f 
vanishes on P. 


Definition 4. The n-adjoint space of four-rational forms with poles of order m is de¬ 
fined as follows: A^(A t ,u£ t ) = {if G Af n ( X t )\fi> = h is n-adjoint relative to £*}. 
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It follows that if°(P, Qp(nX t , mE ( )) = A n 4 (X t ,mT, t ). Clearly n<d = deg (/). 

Remark 5. In this sense given G a finite subset of polynomials one can generalize 
the adjointness conditon relative to T if for all h G G the m-adjoint condition is 
satisfied on h. 

In fact: 

Remark 6. If T = T, t the set is one-adjoint relative to T, t iff T, t 

consists of ordinary double points. 

For m = 2 if consists of ordinary double points then dA\(Xt) C A\(X t , T , t ) but 
in general it need not be true that dA^fiXfi C X t , (m— 1)S 4 ). If we introduce 
the shorter notation A ™ for Af 1 (X t ,n'E t ) then we can define the following quotient: 
K.Z = AZ n 4 ”. 

Let us return to the sheaf theoretic version of forms with pole order and adjoint¬ 
ness conditions: 

Definition 7. fip(n, m) is the sub sheaf on P 4 of four-rational forms with a pole of 
order n on X t and are at least m-adjoint relative to T, t 

Proposition 8. For N = 2n — 3 positive and m> N then 7 r*(f 2 y (n,m)) C 
for m > N where n : X t —» X t is the blow-up of X t along the center E t . 

Proof. This is a local computation; for that we introduce the following notation. 
We define a local chart in A 4 with coordinates Zi, Z 2 , Z 3 , Z 4 in a polydisc D £ and 
fix a point P G D e fl It is easy to see that wlog locally around this D e , 
X t = {z\z- z = 0}. We can also wlog assume that in this affine chart P = (0, 0, 0, 0). 
Moreover, let f = (£1 : £ 2 : £3 : £ 4 ). Note that D e C P 3 where P 3 = P(A 4 ) gives rise to 
the strict transform: D e = B1 P (ZX) = 7 r _1 (D e ) . In order to give a local description 
for 7 T we blow up the polydisc and obtain D e = {(^,0 G D e x P 3 |zj£j — z 3 f % = 
0 for 0 < i < j < 4}. Also wlog £4 ^ 0 and in fact z it = zj± for i = 1 , 2 , 3,4. We 
further define u = Z 4 and v t — ^ hence: 

Zi = fi u, z 2 = v 2 u, ^ 3 = v 3 u, z 4 = u. 

Obviously 7 r : D e —> D e is the proyection in the first coordinate, namely (z,£) 1 —y z 
but with our local description: 7 t(uv, v ) = uv where v = (iq, v 2 , v 3 , 1) ( Note that [6J 
on page 523 writes incorrectly 7 t(u,v)). 

Let ip G 4 4 (A ( ,mS ( ), in particular ip(z) = suc h that F is m-adjoint rel¬ 

ative to S t . Note that [z ■ z) n = u 2n { 1 + v ■ v) n and 7 T*(ip)(u, v) = tp( 7 r(uv,v)) = 
u • The condition that there exists poles of order n is that p p {F) > 

N and that 7 Pip has no poles along the exceptional divisor H = {u = 0}. It is 
illustrative to compute just a few values for n, N given as follows: 


n 

2 

3 

4 

5 

6 

7 

8 

N 

1 

3 

5 

7 

9 

11 

13 


and obtain Griffiths remark on p. 522 of loc.cit for n = 2 as a particular case of our 
N. Q.E.D. 













VARIATION OF MIXED HODGE STRUCTURES ASSOCIATED TO AN EQUISINGULAR ONE-DIMENSIONAL FAMILY 01 


Lemma 9. Let X = V(f) C IP 4 and £ be as before. Then m < h 2,1 {Y), where Y is 
any smooth hypersurface of degree d on P 4 . 

Proof. Let X = V (/) C P 4 be given by an homogeneous polynomial / of degree d 
and £ consist of precisely m nodes, then the relevant cohomology group of A" is H 3 
and we have just given a nice description of F 3 H 3 (X, C) and F 2 H 3 (X, C). Since 
F°H 3 = H 3 we are almost done. In fact we are already done, observing that: 

F°/F\ 

F 3 /F 2 , 

F 2 /F 3 and 
F 3 . 


]j 0,3 ~ 3,0 

II- 1 ^ E 2 ’ 1 = 
H 2 ’ 1 = E 1 ’ 2 = 
~ e = 


Since X is smooth, Hodge’s theorem tell us that H 0 ’ 3 = H 3,0 and Ft 1 ’ 2 = H 2,1 . 
According to ([T] and [3D, F 3 PH 3 (X,C) is isomorphic to F 3 PH 3 (Y, C), where Y 
is any smooth hypersurface on P 4 of degree d. In particular H 0 , 3 (X) = H 0 , 3 (Y ) 
and therefore, by conjugation, H 3 ’°(X) = H 3 , 0 {Y'). Since we have seen ([2]) that 
h 3 (X ) = h 3 {Y) — 2m and h 3 = h 0,3 + h 1,2 + h 2,1 + h 3,0 , then the difference should 
come from h 2,1 and h 1,2 which, since the corresponding spaces are dual to one an¬ 
other, are equal, i.e., /r 2 , 1 (A") = h 2 ) 1 (Y)— m and h 1 , 2 (A") = h 1 , 2 (Y)—m. In particular, 
the number of nodes cannot exceed the hodge number h 2 , 1 (H) for a smooth hyper¬ 
surface Y of the same degree as X. Q.E.D. 


Remark 10. In particular for a quintic hypersurface on P 4 we obtain the nice bound 
m < 101. In this case (see [T], [lOJ and pUljj this bound is almost sharp. 

A similar result can be proved for surfaces on P 3 and curves on P 2 . 

Can we also describe the MHS of the cohomology H 3 (X, C)? 

In the sequel, we will consider a pencil of hypersurfaces of degree d on P 4 , parametrized 
by P 1 , which is equisingular over some open subset B C P 1 , with precisely m nodes 
as the singular locus of each fiber, and will give a description of the variation of 
MHS associated to this family (see 0 ). 


1. Generalized Hodge numbers 

Following Danilov and Khovanskii (see [3j §1, in particular definition 1.5 propo¬ 
sition 1.8, corollary 1.9 and 1.10), we define the generalized Hodge numbers: 

e p ’ q = e p ’ q (X) = f J^(-l ) k h p ’ q ( H ^(X)) 

k 
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as well as the generalized Euler characteristic polynomial 

e(A; x., x) d = e p ’ q (X)x p x q 

p,q 

which in the sequel we will simply write e(A). We summarize some well known 
results about this polynomial (see [3]) in a single lemma. 

Lemma 11. 

• Suppose X is a disjoint union of a finite number of locally closed subvarieties 
Xi, iel. Thene(X) = 'E i e(X i ). 

• If f : X —* Y is a bundle with fiber F which is locally trivial in the Zariski 
topology, then e(X) = e(Y) x e(F). 

• If X is a point, then e(A) = 1. 

• e(P 1 ) = 1 + xx. 

• e(P") = 1 + xx + ... + ( xx) n . 

• Let n : X —» X be the blow up of X along a subvariety Y in X. Then 

e(X) = e(X) + e(Y)[xx + • • • + (; xx ) r ]. 


As an application of the above lemma we will compute the generalized Euler poly¬ 
nomial of X for a projective hypersurface on P 4 of degree d with precisely m nodes 
as the singular locus £. To fix notation, let P 4 be the blow up of P 1 along E, A" be 
the inverse image of X on P 4 and X be the strict transform of X. Further, let £ be 
the inverse image of £ and £ = £ D A". 


Outside the singular locus the blowup is an isomorphism, therefore one has the 
following quasi-projective varities: 


A - £ d = 


W = W = f X — £ = X - £ d = W. 


Now, we recall Bott’s theorem (0 proposition 10.11): 


H p (P n , 


0 for p q, 

C for p = q < n 


and in particular for n = 4: e(P 4 ) = 1 + xx + x 2 x 2 + x 3 x 3 + x^x*. Also 


e(P 4 ) = e(P 4 ) + e(YT){xx +-f--h (xx) 3 ) 


VARIATION OF MIXED HODGE STRUCTURES ASSOCIATED TO AN EQUISINGULAR ONE-DIMENSIONAL FAMILY 01 


using that e(E) 


m and substituting in the above formula: 


h p ’ q ( P 4 ) 


0 if P + q, 

1 if p — q — 0 , 

m + 1 if 1 < p — q < 3, 
1 if p = q — 4. 


It follows that h 1,1 (P 4 ) = /r 2,2 (P 4 ) = /r 3,3 (P 4 ) = m + 1. After these basic preliminar¬ 
ies, we finally compute: 


Lemma 12. e(X) = l + (l—m)xx+ax 3 + (b—m)x 2 x+(b—in)xx 2 +ax 3 +x 2 x 2 +x 3 x 3 , 
where a = h 3 ’°(Y), b = h 2,1 (Y ) and Y is a smooth hypersurface of degree d. 

Proof. Observe that E = U x ^t,E x and by cutting each E x with X we obtain a 
quadric surface Q x hence e(E) = Y, x e(Q x ) but each summand is equal to e(P 1 xP 1 ) = 
e(P 1 ) 2 = 1 + 2xx + x 2 x 2 , so e(E) = m (1 + 2xx + x 2 x 2 ). Moreover, e p,q (W) = 
e p ’ q (X) - e M (E) and e p ’ q (X) = e p ’ q (W) + e p,9 (E) = e p ’ q (W) + e M (E) = e p ’ q {X) - 
e p,IJ (E) +e p,<? (E). Since h 3 (X) = h 3 ’ 0 (Y)+h 2 ’ 1 (Y)-m + h 1 ’ 2 (Y)-m + h°’ 3 (Y), where 
Y is a smooth hypersurface of degree d (see proof of lemma [9]), taking b = h 1 , 2 (Y) 
and using the Lefschetz hyperplane theorem: 

(4) 


e(X) = 1 + (m + l)xx + ax 3 + (b — m)x 2 x + (b — m)xx 2 + ax 3 + (1 + m)x 2 x 2 + x 3 x 3 . 

Finally, e(X) = e(X) — (m + 2 mxx + mx 2 x 2 ) + m. The result follows directly by 
substituting the value of e(X) in equation ED Q.E.D. 


2. Mixed Hodge structure of a nodal 3-fold 


Let X, X, X,W,W,W, E, E and E be as in the preceding section, then one has 
exact sequences of cohomology with compact support: 

H' c (W,C) —)• H' C (X, C) —)• H' c ( E,C) —► Hi+\W,C) 

(5) =4- 7T* I 7T* I 7T* =| n* 

H' c {W,C ) —)• Hi(X, C) —>• id*(E, C) —> H* +1 (IF,C) —> ... 

where, since A", E, A and E are projective, one can replace the corresponding groups 
with compact support with the usual cohomology groups. 

Since E consist of points, then H l ( E, C) = 0 for i > 0 and so H l (X, C) = id*(IT 7 , C) 
for all i > 2. 


Moreover, since all the morphisms involved above are morphisms of MHS, they 
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are strict and therefore the sequences above remain exact after taking weight fil¬ 
tration, Hodge filtration and the corresponding graded parts, so one has long exact 
sequences: 


► Gi%H' c (W,C) —► GrfH%Y,C) —► GrfiP(£,C) 
for all k,i. 

Now X is smooth and £ is a disjoint union of smooth quadrics in this case, therefore 
their Hodge structures are pure and consequently for k = 3 one gets: 

0 —>■ C) —> H 3 (X, C) —> h 3 (e, C) —»• ... 

and since H 3 of a quadric is zero and H l (X, C) = H l c (W, C) for i > 2, this says that 
(6) Gr YH 3 (X, C) —► H 3 {X, C) 

is an isomorphism. 

In particular this means that the weight filtration for H 3 (X, C) satisfies: 

0 = HhH%Y, C) C W 2 H 3 (X , C) C W 3 H 3 (X, C) = H 3 (X, C) 

and 

Grftf 3 (X,C) = H 3 (X, C). 

Since hP(£, C) = 0 for all i — 2k + 1, equation (J5j) gives us an exact sequence: 


( 7 ) 

0 —> H 2 {X , C) —► i/ 2 (X, C) —>• i/ 2 (£, C) —>• tf 3 (X, C) —» H 3 {X, C) —> 0 
As the Hodge structures associated to A" and £ are pure, this gives rise to: 


0 —»• H 2 (X, C) —► H 2 (X, C) —>■ i/ 2 (£, C) —> W 2 H 3 (X, C) —>■ 0 


and clearly we have a short exact sequence of MHS: 

(8) 0 —► W 2 H 3 (X , C) —>■ H 3 {X, C) —> H 3 (X, C) —> 0 


As a consequence of the proof of lemma [12] one obtains H 2 (X,C) = C m+1 and 
ih 2 (£, C) = C 2m 
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For sake of completeness consider the weight two part of the exact sequence of 
compact support associated to W: 


(9) 0 —> W 2 H 2 (W , C) —> W 2 H 2 (X, C) —>■ W 2 H 2 (Y ], C) —> 

—► W 2 H 3 (W , C) —>■ W 2 H\X , C) —► 0 

Since X and £ are smooth and projective, the Hodge structure of their i — th coho¬ 
mology groups are pure of weight i, therefore W 2 H 3 (X , C) = 0. Also, C) = 0 

so H 2 (W , C) is a Hodge substructure of H 2 (X, C) and therefore also pure of weight 
2 (and in fact of type (1,1) since H 2 (X , C) is of type (1,1), see [4]), hence the sequence 
|9] becomes: 

( 10 ) _ _ 

0 —» H 2 C (W, C) —> H\X, C) —> ff 2 (E,C) —> W 2 Hl(W, C) —> 0 

where the last arrow is surjective; so by defining s = dim (W 2 H 3 (W)) and l = 
dim (H 2 (W)) we obtain from the dimensions calculated at the end of the last para¬ 
graph: 0 < l < m + 1 and 0 < s < 2m. Similarly, since H 2 (T,, C) is a pure Hodge 
structure of weight 2 and type (1,1), then so is W 2 H 3 (W , C), hence h 1,1 (i/(?(lF)) = s. 
We had already computed e(W) = e(X) — e(E) ( see proof of lemma fl2]l . Since we 
have already computed that H 2 {J1) ~ C 2m we can easily compute e(E) ( see also [TJ) 
hence e 1)l (W ) = 1 — m = l — s hence m — l<l + m—l = s< 2 m. 


Example 13. It is not difficult to see, using the above description, that for a smooth 
quintic 3-fold X C P 4 one has h 3,0 = h 0,3 = 1 and h 2,1 = h 1,2 = 101. Moreover, if 
X t is a smooth family of quintic 3-folds in P 4 it is possible to show that the Gauss- 
Manin connection induces a maximal unipotent map on H 3 (X t , C), for any t, whose 
nilpotent part N satisfies N(H 3 ~ P,P ) C H 3 ~ p+1 ' p ~ l for 0 < p < 3 with N 3 7 ^ 0 but 
N 4 = 0 .In particular one has an splitting of the Hodge structure: 

H 3 (X t ,C) = H®™Vi(l), 

where H is a weight 3 Hodge structure of type (1,1,1,1) and each Vfil) is a weight 
3 Hodge structure of type (0,1,1,0), associated to a weight one Hodge structure V) 
of type (1,1) (see also [2] for the quintic family of 3-folds in connection with mirror 
symmetry or see our example \T7j\ below for the precise equation in question ). Here, 
as usual, Vj(l) = V) ( 8 ) Q(l) and Q(l) is the Tate-Hodge structure of weight 2 . 

Example 14. We introduce very briefly a few well known facts about symmetric 
functions, for this our reference is (see m, chapter 1): Let pk = be the 

k-th power sum symmetric function and e 5 = Y, io< ... <ii x io x il Xi 2 x i3 Xi i be the fifth- 
elementary symmetric function. As the classical example quite cited in high energy 
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physics computations is in [2], where the authors introduced and studied as an ex¬ 
ample the pencil of hypersurfaces in P 4 defined by : f t = p 5 + te^. In this notation, 
one can define the standard hyperplane in P n given by H = {p\ = 0 } = P" -1 . Let us 
restrict to the case n = 5 and introduce the pencil of quintic hypersurfaces in H = P 1 
defined by f( a ,/ 3 ) = &P 5 — ^±1l p 2 p 3 and the incidence family Xi C H x P 1 . Clearly, 
for each (a,/3) we have a quintic M.< a ,p) C P 4 . This family has already been intro¬ 
duced and studied in [13]. In loc.cit ( see Theorem 2 ), he shows that for a general 
value (a, j3) , M.( a ,p) has exactly 100 singular points except for 6 points ( compare 
with the bound m < 101 computed in remark W- As we have already considered, 
h 3 (X,C) decreases by two for every node ( see[2j), with respect to the h 3 of a non¬ 
singular quintic, where X and X are as in section [7} In this case, h 3 (X, C) = 4 and 
a straightforward computation shows that this is a pure Hodge structure of weight 3 
and type ( 1 , 1 , 1 , 1 ). Moreover, the long exact sequence\^together with the discussion 
in section 1 shows that: 

(11) Grf H 3 (X, C) £* H 3 (X, C) 

is a pure Hodge structure of weight 3 and type (1,1,1,1), while 

(12) // 2 (E, C) -» W 2 H 3 (X, C). 


Let 


3. Equisingular families 


X = V(uF - vG ) P 4 x P 1 

\ f 1^2 

P 1 


be a flat family of hypersurfaces on P 4 , with F and G homogeneous polynomials of 
degree d and assume that there is a maximal non empty open subset BcP 1 over 
which the family 

X = f-\B) -A X 

if if 

B P 1 


is real analitically trivial and such that the singular locus T, t of every fiber X t con¬ 
sists of exactly m nodes. Then the higher direct image sheaf R 3 f *C is a local system, 
with fiber H 3 (X t , C). It is well known that the Hodge filtration associated to the 
fibers extend to a Hodge filtration of the sheaf H := P 3 /*C (8) Ob, which then be¬ 
comes a VMHS. 


For a fixed t G B, let P 4 be the blow up of P 4 along E t , X t the inverse image 
of X t and X t be the strict transform of X t . Further, let E t be the inverse image 
of E t (i.e., the disjoint union of the exceptional divisors along the m nodes) and 
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= T, t nX t . Since the multiplicity of every point in T, t is 2, then X t is a projective, 
non singular variety and we have a diagram 


4 

4 

4 

with X t C X t and all horizontal arrows are inclusions of closed algebraic subvarieties. 

Outside the singular locus the blowup is an isomorphism, therefore one has the 
open subvarieties: 

P 4 - Xt = U t £* u t d = P 4 — Xt -A P 4 - x t d = Uf 

Analogously, we have an inclusion of the above mentioned spaces given in the 
following commutative diagram: 


£A-XA-P 


£A A A » P 


7T 'K 


->t -^ 


AA—- xa—- P 4 - >u t -- >u t 



AA—- p 4 -— >U t U £ f -— >u t 


and associated to this diagram there is a commutative diagram of long exact se¬ 
quences of cohomology with compact support: 


t 7T* 

C) 

*4 7T* 

H l c (U t ,C) 


H z c ( P 4 ,C) 
t n* 

H' c ( P 4 , C) 
| vr* 

H l c ( P 4 , C) 


t 7T* 

H' c (. A'„C) 
i* 

HU X,,C) 


C) 

t 7T* 

Hl+\U„C) 

fr" 

Hl+\U„C) 


Since P 4 ,P 4 ,X t ,X t and Ah are projective, we can replace the cohomology with 
compact support with ordinary cohomology for those varieties. Furthermore, ev¬ 
ery morphism in the diagram is a morphism of MHS, therefore strict compatible 
with the weight and the Hodge filtration, hence one has a commutative diagram: 
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Gr|Gr^iI 3 (P 4 ,C) 

t 7T* 

Gr 3 F Gr™ H 3 (F 4 ,C) 
4- 7T* 

Grf,Grfi7 3 (P 4 ,C) 


Gr^Grf H 3 {X t ,C) 

tir* 

GrJ.Grfff 3 pf t ,C) 

4 7r* 

GiiGrf7L 3 (X t ,C) 


Gr^Gr^ H 4 {U t , C) 
tTT* 

Gr^Gr^ H 4 (Ut, C) 

=4 7T* 

Gr^Gr^ H 4 (U t , C) 


As P 4 , P 4 and X t are smooth projective varieties, its cohomology groups H k are pure 
HS of weight k, so 


Grf# 3 (P 4 ,C) = H 3 ( P 4 ,C), 
Grf# 3 (P^,C) = H 3 { FfiC), 
Gr^ 7 H 3 (X t , C) = H 3 (X t , C) 


and 

Gr^R 4 (P 4 ,C) = Gr^R 4 (P 4 ,C) = Grf H 4 (X t ,C) = 0. 

Observe that dim H 3 (X t , C) = dim H 3 (Z, C) — 2m, where Z C P 4 is a general 
nonsingular hypersurface of degree d, as mentioned in equation [21 


Example 15. Consider the family M.( a ,p) C P 4 already considered in example \Tf 


where we assumme w.l.o.g that a 0 hence by setting t = the defining 

equation for this family is given by 


ft = Ps ~ tp 2 P3 

on P 5 intersected with the hyperplane H, inducing a family A4 t C P 4 of quintic 
3-folds with exactly 100 nodes outside the 6 points in loc. cit. Then the cohomology 
groups H 3 (X t , C) form a VMHS whose graded parts Gr^ H 3 (X t , C) constitute a VHS 
of weight 3 isomorphic to the VHS given by the desingularizations X t , for t outside 
the 6 special points. Since the monodromy transformation is no longer maximal 
unipotent (it can be shown that N( = 0), the associated nilpotent transformation N t 
should satisfy N t 0 but Nf = 0, see [1]. We will study this situation in a sequel 
to this paper. 
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